Abstract.-Recently, much attention has been given to understanding recombination events along a chromosome in a variety of field. For instance, many population genetics problems are limited by the inaccuracy of inferred evolutionary histories of chromosomes sampled randomly from a population. This evolutionary history differs among genomic locations as an artifact of recombination events along a chromosome. Thus, much recent attention has been focused on identifying these recombination points. However, many proposed methods either make simplifying, but unrealistic, assumptions about recombination along a chromosome, or are unable to scale to large genome-wide data like what has become commonplace in statistical genetics. Here, we introduce a phylogenetic arXiv:1710.10326v1 [q-bio.QM] 27 Oct 2017 derivative to describe the relatedness of neighboring trees along a chromosome. This phylogenetic derivative is a computationally efficient, flexible metric that can be also be used assess the prevalence of recombination across a chromosome. These proposed methods are tested and perform well in analyzing both simulated data and a real mouse data set.
has been limited to methods understanding recombination rates that are unable to analyze large genomic data sets (Arnheim et al. 2003; Jeffreys et al. 2004; Greenawalt et al. 2006; Marttinen et al. 2011; Martin et al. 2010) or methods that make unrealistic assumptions about recombination. For example, some methods do not consider recombination hotspots (McVean et al. 2004) , even though these have been described for at least a decade Jeffreys et al. 2005) . Recently, one method developed focused on identifying differences in recombination rates among admixed populations under study (Wegmann et al. 2011) , while another uses likelihood computations to estimate recombination rates (Auton and McVean 2007) . Other methods focus on pedigree-based data, not the population-based samples as we consider here (Campbell et al. 2016; Ferdosi et al. 2014 ).
In addition, we note that many references (e.g., in (?)) only have sufficient, but not necessary, conditions for identification of physical recombination locations.
Rather than work to identify physical locations of recombination points, we aim to help researchers understand whether there are large or small amounts of recombination within a chromosome, or region of a chromosome, based on a data set. To address the limitations of the field thus far, we propose using a phylogenetic derivative to describe the changes of the tree structure along the chromosome. This will allow a more global view of analyses using local tree estimates. Second, the phylogenetic derivative has a strong association with the recombination rate, which can serve as a proxy estimate for the amount of recombination. In this way, the use of changes of tree structure within neighboring SNPs along the chromosome can serve as a mechanism for analysis of tree estimation methods.
Mathematical Framework

Families of Trees Along a Chromosome
Here, we introduce some notation for families of local phylogenetic trees as the foundation for the proposed phylogenetic derivative and applications. To begin, in general, a family of phylogenetic trees is defined as follows:
Definition 0.1. Let F = (T 1 , T 2 , . . . , T k ) be an ordered family of trees.
Note that a family of trees may be used to represent phylogenetic trees along a chromosome. Each of these phylogenetic trees are associated with a nucleotide and show the evolution of that nucleotide among individuals.
Definition 0.2. Suppose there is a family of trees such that there is a tree associated with every nucleotide along a chromosome. We define this set of trees to be the chromosomal family,
where k is the length of a chromosome in DNA base pairs.
Next, consider a special case when no recombination occurred along a chromosome.
Then there is a single, topologically identical tree for each nucleotide in the chromosomal family, C. That is, T 1 = T 2 = . . . = T k . However, if any recombination occurs, we then have recombination sites, or recombination points, followed by regions of no recombination. Definition 0.3. A non-recombining region is defined here as a set of adjacent nucleotides where no recombination has occurred. Thus, each nucleotide in this region is associated with a topologically identical tree. We define the family of trees representing a non-recombining region as
It then follows that with recombination present, C = (R 1 , R 2 , . . . , R k ). That is, the chromosomal family is made up of a set of non-recombining regions. Next, we focus on SNPs along a chromosome. In particular, we define a SNP family of trees as follows.
Definition 0.4. We define a SNP family of trees to be
where each tree S 1 , . . . , S k is associated with a SNP.
Note that not every non-recombining region may contain a SNP, and some non-recombining regions may contain multiple SNPs.
Definition 0.5. We define an estimated SNP family of trees to be
where each tree S 1 , . . . , ES k is associated with a SNP.
At times it is convenient to index the SNP and estimated SNP trees, not by the SNP number (1, 2, · · · , k), but by the location of the associated SNP along the chromosome. Unless otherwise noted we index using the former (SNP number) rather than the latter structure.
Phylogenetic Derivatives
In phylogenetics, the term tree distance or metric has two distinct meanings. One notion refers to the distance between taxa, which is measured by some function of the DNA sequence data (Jukes Cantor for example). Throughout this paper we refer to the second usage which is a comparison between phlyogenetic trees. Two such examples include the Robinson-Foulds distance (Robinson and Foulds 1981) , (which counts the number of splits which appear in one tree but not the other), and the path interval distance (Huggins et al. 2012; Coons and Rusinko 2016) (which records the largest difference between the length of a path between a pair of taxa on one tree, with the length of the path between the same pair of taxa on the second tree). While this paper focuses on tree distances that only measure topological distances, all of the definitions proposed here also apply to tree distances that account for differences in branch-length as well (for example the path distance (Steel and Penny 1993) ).
First, consider the two families of trees F = (T 1 , T 2 , . . . , T k ) and
Definition 0.6. Given a tree metric d, we define the distance between families
This distance measure compares the two families F and F tree-to-tree, and will only capture if the general trends are the same if trees are similar between the two families.
Note that d(·) may refer to any distance measure throughout this discussion.
We introduce the phylogenetic derivative as a tool for understanding the rate of change between trees in a family. Similar to how the derivative of a continuous function represents an instantaneous rate of change of that function, the phylogenetic derivative represents a discrete rate of change of a family of trees, or the change in tree topology between every pair of adjacent trees in F.
Definition 0.7. For an ordered family of trees F = (T 1 , T 2 , . . . , T k ) and a tree metric, d,
we define the phylogenetic derivative as
We represent the elements of
Further we define the average derivative of F, to be the average of the df i .
This notion of change along the chromosome extends to higher order derivatives as well.
Definition 0.8. Let F = (T 1 , T 2 , . . . , T k ) be an ordered family of trees and
for some distance d and 1 ≤ i ≤ k − 1. We define the phylogenetic higher order derivative
We denote the elements of
The phylogenetic higher order derivative allows us to more effectively compare the changes of the rates of change between families of trees, adding another dimension to the family comparisons that can be made using phylogenetic derivatives.
Definition 0.9. Let F and F be ordered families of phylogenetic trees such that
We define the distance between phylogenetic derivative vectors D F and
This distance measure determines how similar the rates of change between two families F and F are. This can be used to gain information about amounts of recombination along the chromosome.
Interpreting the derivative
In the absence of recombination and if SNP-trees were estimated correctly, the phylogenetic derivative of a chromosomal family of trees would be uniformly zero. Each recombination event should cause a change of the local tree topology at some SNP along the chromosome; thus, for the chromosomal family there would be a point where the phylogenetic derivative was non-zero. For neighboring trees in a SNP-family of trees, it is possible that multiple recombination events have occurred in between the SNP samples.
Therefore it is reasonable to interpret larger phylogenetic derivative values to indicate either a single, but very influential recombination event, or an accumulation of smaller recombination events between the sampled SNPs. Either way, one would anticipate a positive association between the amount of recombination between a pair of SNP trees, and the phylogenetic derivative value.
Next, we demonstrate the use of the phylogenetic derivative in three examples.
These include examples in the case that the local phylogenetic trees at each SNP are known and the case in which the local phylogenetic trees at each SNP are estimated.
Example 1: Chromosomal family with true phylogenetic trees.-As discussed above, a set of trees with no recombination yields a family of trees that are all topologically equivalent to one another. Thus, the derivative of this family contains all zero values. However, consider when recombination does occur. Suppose we have the chromosomal family C = (R 1 , R 2 , R 3 , R 4 ) made up of families trees from different non-recombining regions each of which contain exactly ten trees so that the total chromosome length is 40 basepairs. It then follows that the phylogenetic derivative, D C, has exactly three non-zero entries df 10 , df 20 , and df 30 .
Example 2: SNP family with true phylogenetic trees.-Suppose as before that there are four distinct non recombining regions C = (R 1 , R 2 , R 3 , R 4 ) each of exactly 10 base pairs. Example 3: SNP family with estimated phylogenetic trees.-Now consider the same SNP situation described in Example 2, but with a method of local SNP-tree reconstruction used to estimate the local trees. We still have C = (R 1 , R 2 , R 3 , R 4 ) and forty basepairs.
Assume the local SNP-trees have been reconstructed as ES = (ES 1 , ES 2 , . . . , ES 6 ). We would then assume the estimated derivative value would be 
Applications of Phylogenetic Derivatives
Now that the behavior of the phylogenetic derivative has been illustrated, this section will show some applications of phylogenetic derivatives. These applications will be used to analyze both simulated and real data.
Comparison of local phylogeny estimators
In this section, we demonstrate how the phylogenetic derivative can be used to compare algorithms for local tree reconstruction. The simulations proposed here are intended to demonstrate the usefulness of the derivative as an analysis tool rather than to assess the quality of the reconstruction tools themselves.
In this work, we simulate a true evolutionary history for a chromosome, producing In order to assess the performance of these distance metrics and tree estimation techniques, data were simulated to compare the performance of tree estimation techniques using the proposed methods. Specifically, data sets were simulated using the program, ms (Hudson 2002) , which produces data for n chromosomes from a population. Parameter settings were varied and included a mutation rate of µ = 2.0 × 10 −10 , recombination rates varying from ν = 0 (no recombination) to ν = 10 −8 , for, n = 30, 50, 100, or 250 chromosomes (each of length 1,000,000 DNA base pairs) randomly sampled from a population of N 0 = 20, 000 diploid individuals. As in ms, we define the recombination rate parameter to be 4N 0 ν(Chromosome Length − 1) in our simulations when the rate is varied.
The resulting simulated data included phylogenetic trees at each DNA base pair and phased SNP data.
Next, local phylogenetic trees were estimated at each SNP using two methods:
Blossoc (Mailund et al. 2006 ) and RENT+ (Mirzaei and Wu 2016) . Resulting simulated data sets included the true local phylogenetic tree at each base pair location (and, by artifact, at each SNP), phased SNP data, as well as estimated local phylogenetic trees at each SNP from Blossoc and RENT+.
For each simulated data set, let S T = (T 1 , T 2 , . . . , T k ) be the true SNP family of trees, S B = (B 1 , B 2 , . . . , B k ) be the Blossoc SNP family of trees, and S R = (R 1 , R 2 , . . . , R k ) be the RENT+ SNP family of trees. Note that k varies across simulated data sets. Using the Robinson-Foulds distance metric, RF , we first calculated the distance,
between the true SNP family and the Blossoc SNP family as well as the distance, d RF (S T , S R ) between the true SNP family and the RENT+ SNP family. Similarly, using the path interval distance metric, P I, we calculated d P I (S T , S B ) and d P I (S T , S R ). Figure 1 shows the average distance between trees, which is calculated using Definition 0.6. Notice that using Robinson-Foulds distance, the average distance between true and Blossoc trees is smaller than the average distance between true and RENT+ trees. Using the path interval distance, both Blossoc and RENT+ have similar average tree distances from the true trees.
We then calculated the phylogenetic derivative using two tree distance metrics for each of the simulated data sets, S T , S B , and S R . Again, we used the RF distance to calculate the phylogenetic derivatives D RF S T , D RF S B , and D RF S R and the path interval distance to compute the phylogenetic derivatives D P I S T , D P I S B , and D P I S R .
We then use Definition 0.9 to calculate the average distance between derivative Robinson-Foulds distance; right plot: path interval distance), for trees with varied numbers of tips. We note that with either distance metric, the distances between true and Blossoc trees (blue boxes) are smaller than the distances between the true and RENT+ trees (red boxes). Results are based on simulated data sets.
vectors. Figure 2 shows the average distance between the Blossoc derivative vectors and the true derivative vectors as well as the average distance between RENT+ derivative vectors and the true derivative vectors using both Robinson-Foulds and path interval distance. Note that the error in the derivative estimation using RENT+ is smaller than the error when using Blossoc.
A more careful analysis of the data suggests that Blossoc's derivative values are uniformly smaller than those of RENT+. This appears to be an artifact of Blossoc's SNP-Tree reconstruction algorithm. An analysis of individual runs shows that while the sizes of the peaks in Blossoc's derivative vector tend to be much smaller than those in both the true trees and in the RENT+ trees, the presence and absence of these peaks seems to mirror that of the true trees and RENT+ estimates. This is phenomenon also occurs in the analysis of mouse chromosome data. We examine this phenomenon on test cases where the recombination rate is small, and thus the true phylogenetic derivative has relatively few non-zero entries, and when the recombination rate is high, where the true phylogenetic derivative has nearly all non-zero values. Figure 3 shows that with a low recombination rate, the estimated Blossoc and RENT+ phylogenetic derivatives computed both identify some recombination events, but that noise in reconstruction makes the identification of recombination events a challenge for these tools.
Detecting recombination
When the recombination rate is higher, as can also be seen in Figure 3 , we see that both Blossoc and RENT+ phylogenentic derivatives identify the presence of a large amount of recombination. In addition, the derivative successfully follows the trend of where the SNP trees have larger or smaller topological differences although as in the case with small recombination rates, it is not yet possible to make precise readings identifying a specific subset of basepairs to be considered a recombination point. In addition to providing a visualization for recombination regions, the phylogenetic derivative can be used as a quantitative tool for measuring the recombination rate along a chromosome. In particular, the average value of the phylogenetic derivative can be used as a measure of the amount of recombination present along a region of the chromosome. If one normalizes the tree distance, than the average phylogenetic derivative value ranges from 0, indicating no-recombination across the region, to 1 indicating so much recombination that each SNP has evolved completely independently from those around it. Figure 4 shows that when the number of taxa, and length of the chromosome are fixed, the average value of the phylogenetic derivative shows a clear positive association with the recombination rate itself. Thus, the average phylogenetic derivative might provide a mechanism for comparing and quantifying the amount of recombination along the chromosome.
Figure 4: Average phylogenetic derivative values for increasing recombination rates. The phylogenetic derivatives were calculated using the Robinson-Foulds distance metric. Red, blue, and black lines show the RENT+, Blossoc, and true trees, respectively. Recombination rate parameter ranges from 0 to 800 in increments of 50, and for each recombination rate parameter value, 50 simulated data sets were analyzed.
that comparisons with true phylogenies are omitted since the true local phylogenies are unknown for real data. Discussion and Conclusion Based on the simulation and real data analyses presented here, the proposed metrics provide insight into the performance of local tree estimation algorithms. In particular, we see that the distance between phylogenetic derivatives can be used to assess how well local tree estimators detect changes in the trees along the chromosome. Through this metric, we note that RENT+ tends to produce trees for which the phylogenetic derivatives are closer to those of the true local phylogenies than Blossoc does in a variety of simulation settings and using multiple tree-to-tree distance measures. This is a very surprising finding, because using the same simulation data, Blossoc does a better job at reconstructing the local trees themselves. Ideally, one would develop a local tree estimator which accurately reflects the Advantages of using the phylogenetic derivative include its flexibility to use different tree-to-tree distance measures. For instance, our study focused on topological differences among trees, as these differences can be wildly detrimental to local phylogenetic tree estimation in association mapping. In one case, a comparison of analyses of true and estimated phylogenies showed that method performance was limited by the accuracy of the estimated phylogeny (Thompson et al. 2016) . However, should a user be interested in both topological and branch length differences among trees, another distance metric may be used in place of the Robinson-Foulds distance or Path Interval distance.
Secondly, we see the phylogenetic derivative as a way to study recombination along the chromosome. Using the fact that recombination points should produce different topological differences on either side of the break point, any such recombination event should yield non-zero phylogenetic derivative values. Our results demonstrate that both RENT+ and Blossoc can distinguish between data sets with high and low recombination rates. However, these methods are not yet accurate enough to enable one to detect specific recombination events by analyzing the phylogenetic derivative. Moreover, we observe a positive association between the average phylogenetic derivative in a family, and the underlying recombination rate in the data. We suggest further study which may enable this relation to be more precisely quantified, which would enable practitioners to estimate the recombination rate in their data (or particular sub-regions of their data) directly from the estimated phylogenetic derivative.
Although this work addresses some of the limitations in identifying recombination events using SNP data in population-based samples, the potential to extend these methods to other tree estimation scenarios is inherent. For example, these methods may be extended to compare branch length estimates by using different distance measures between each pair of trees, or these methods may be useful in analyzing pedigree-based samples. In any case, the scores proposed here provide users with a versatile, computationally efficient method to explore recombination in genetic sequence data. More fully understanding aspects of recombination in SNP data may improve the estimation of local phylogenies at SNPs along a chromosome, which can begin to address the limitations of ARG inference in population genetics. Moreover, this improved understanding can contribute to addressing the challenges faced by limited knowledge of recombination behaviors in various types of sequence data.
